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Dynamical chiral symmetry breaking and its connection to the generation of hadron masses has
historically been viewed as a vacuum phenomenon. We argue that confinement makes such a position
untenable. If quark-hadron duality is a reality in QCD, then condensates, those quantities that have
commonly been viewed as constant empirical mass-scales that fill all spacetime, are instead wholly
contained within hadrons; i.e., they are a property of hadrons themselves and expressed, e.g., in
their Bethe-Salpeter or light-front wave functions. We explain that this paradigm is consistent with
empirical evidence, and incidentally expose misconceptions in a recent Comment.
PACS numbers: 12.38.Aw, 11.30.Rd, 11.15.Tk, 24.85.+p
I. BACKGROUND
Quantum chromodynamics (QCD), as we currently un-
derstand it at zero temperature and zero chemical po-
tential, provides an explanation of the physical, exper-
imentally observable strong-interaction states; namely,
the color-singlet hadrons. In the phenomenology of QCD
it is conventional to view the quark condensate 〈q¯q〉 as
a spacetime-independent constant that fills empty space.
However, it has long been recognized that in Dirac’s light-
front (LF) form of relativistic dynamics, which has suc-
cessfully been applied to QCD [1–3], the ground state of
the theory is a structureless Fock-space vacuum without
a 〈q¯q〉 condensate, or anything else of this nature. Fur-
thermore, as was first argued using the LF framework
in Ref. [4], dynamical chiral symmetry breaking (DCSB)
and the associated quark condensate must be a property
of hadron wave functions, not of the vacuum. This thesis
has also been explored in Refs. [5–10]. One subtlety in
characterizing the formal quantity 〈0|O|0〉, where O is a
product of quantum field operators, is evident when one
recalls that this can automatically be rendered zero by
normal-ordering O. As we elucidate below, this subtlety
is especially delicate in a confining theory because the
vacuum state in such a theory is not defined relative to
the fields in the Lagrangian, quarks and gluons, but to
the actual physical, color-singlet, states.
In a rigorous statistical mechanical treatment of a
phase transition such as that involving magnetism or su-
perconductivity, the transition occurs only in the infinite-
volume limit, and the order parameter, e.g., magnetiza-
tion or Cooper pair condensate, is a constant that ex-
tends throughout spacetime. However, as emphasized in
Ref. [6, 7], experimentally one always observes magnetism
and superconductivity in finite samples, and the magne-
tization or Cooper pair condensates are constants only
within the material that supports them, not throughout
an infinite volume. In a similar manner, particularly be-
cause of confinement, one may argue that QCD conden-
sates are completely contained within that domain which
permits the propagation of the gluons and quarks that
produce them; namely, inside hadrons. The conventional
view of QCD condensates also has the problem that it
predicts a contribution to the cosmological constant that
is 1046 times too large – a problem that is removed with
in-hadron condensates [7–9].
II. CONDENSATES AND CONFINEMENT
It is worth reiterating that nonzero vacuum expecta-
tion values of local operators in QCD – the so-called
vacuum condensates – are phenomenological parameters,
which were introduced at a time of limited computational
resources in order to assist with the theoretical estima-
tion of essentially nonperturbative strong-interaction ma-
trix elements [11]. A universality of these condensates
was assumed; namely, that the properties of all hadrons
could be expanded in terms of the same condensates.
Whilst this helps to retard proliferation, there are never-
theless infinitely many of them. As qualities associated
with an unmeasurable state (the vacuum) such conden-
sates do not admit direct measurement. Practitioners
have attempted to assign values to them via an inter-
nally consistent treatment of many separate empirical
observables. However, only one, the quark condensate,
is attributed a value with any confidence. The difficul-
ties and capacities of the sum rules approach are detailed
in Ref. [12].
In tackling a problem as difficult as determining the
truly observable predictions of nonperturbative QCD,
theory will naturally employ artifices. Problems arise
only when notional elements in the computational struc-
ture are erroneously imbued with an empirical nature.
As noted by a number of authors [4–10], this is the case
with the QCD vacuum condensates: from being merely
2mass-dimensioned parameters in a theoretical truncation
scheme, with no existence independent of hadrons, in the
minds of many they have been transformed into mea-
surable spacetime-independent vacuum configurations of
QCD’s elementary degrees-of-freedom. In the presence
of confinement, the latter is impossible, and the mea-
surable impact of the so-called condensates is expressed
entirely in the properties of QCD’s asymptotically realiz-
able states; namely hadrons. Faith in empirical vacuum
condensates may be compared with an earlier misguided
conviction that the universe was filled with a luminifer-
ous aether, which was not overturned before completion
of a renowned experiment [13].
It is important to emphasize that confinement is a
statement about real-world QCD, in which light-quarks
are ubiquitous and pions are light. Although studies of
pure gluonic SU(3) gauge theory, especially via lattice
simulations, have given valuable results, such as the spec-
trum of glueballs (see, e.g., Ref. [14] or a recent review
[15]), one must take into account mixing with quarks
when relating these to actual QCD. Similarly, although
results obtained with static quark sources, such as Wil-
son’s analytic proof of confinement for strong bare cou-
pling in a lattice gauge theory [16], have been quite
valuable, one again must bear in mind that the pres-
ence of light quarks in real QCD leads to string-breaking
with corresponding meson production. Confinement is
equivalent to exact quark-hadron duality; i.e., that all
observable consequences of QCD can be computed us-
ing a hadronic basis. Equivalently, the Hilbert space
associated with the measurable Hamiltonian of QCD is
spanned by color-singlet state-vectors; viz.,
HQCD =
∑
n
En|H1cn 〉〈H1cn | , (1)
where |H1cn 〉 are color singlets. Causality entails that
QCD possesses a state of lowest observable energy, which
one can choose to be E0 = 0. The state associated
with this energy is the vacuum. It is the state with zero
hadrons.
A precise definition of the vacuum is only possible if
one has a nonperturbative definition of the field vari-
able associated with the asymptotic one-particle state,
for then the vacuum is that state obtained when the field
annihilation operator acts on the asymptotic one-particle
state, which is unambiguous. This is closely connected
with the point about normal-ordering. One may visual-
ize the creation and annihilation operators for such states
as rigorously defined via smeared sources on a spacetime
lattice. The ground-state is defined with reference to
such operators, employing, e.g., the Gell-Mann–Low the-
orem [17], which is applicable in this case because there
are well-defined asymptotic states and associated annihi-
lation and creation operators.
The notion of a structured vacuum in QCD involves
an analogy drawn between dynamical chiral symmetry
breaking (DCSB) in the strong interaction and the BCS-
theory of superconductivity [18]. The BCS approach is
a mean-field theory based on a Hamiltonian expressed in
terms of well-defined quasiparticle operators. There is a
known relation between the bare-particle and quasipar-
ticle operators and, under certain conditions, the latter
can possess a nonzero expectation value in the vacuum
defined via the bare-particle annihilation operator. Ow-
ing to confinement, these steps are impossible in QCD.
Furthermore, the BCS-based analysis is subject to the
comment reiterated above [6, 7]; namely, that although
formally a phase transition in statistical mechanics re-
quires an infinite-volume limit and the resulting order pa-
rameter (here the Cooper pair condensate) is a constant
throughout infinite space, one actually experimentally
observes the Cooper pair condensate to exist only inside
finite pieces of superconducting materials, not to be a
constant extending throughout infinite space. In statis-
tical mechanics and condensed matter discussions of real
phase transitions and critical phenomena, one is careful
to distinguish between the idealized infinite-volume limit
and actual experimental observations on finite samples.
One must be equally careful in gauge theories.
Amongst the consequences of confinement is the ab-
sence of asymptotic gluon and quark states. It is there-
fore impossible to write a valid nonperturbative definition
of a single gluon or quark annihilation operator. To do
so would be to answer the question: What is the opera-
tor that annihilates a state which is unmeasurable? So
although one can define a perturbative (bare) vacuum
for QCD, it is impossible to rigorously define a ground
state for QCD upon a foundation of gluon and quark
(quasiparticle) operators. Likewise, it is impossible to
construct an interacting vacuum – a BCS-like trial state –
and hence DCSB in QCD cannot rigorously be expressed
via a spacetime-independent coherent state built upon
the ground state of perturbative QCD. Whilst this does
not prevent one from following this path to build approx-
imate models for use in hadron physics phenomenology
(Ref. [19] is a pertinent example), it does invalidate any
claim that theoretical artifices in such models are accu-
rate descriptions of real QCD.
III. GMOR RELATION
These remarks provide additional context for the argu-
ments detailed in Refs. [7–9], which explain that conden-
sates are localized within hadrons. Notably, those dis-
cussions proceed via the proof of exact and hence model-
independent results in QCD, amongst them: the chiral-
limit vacuum quark condensate is equivalent to the pseu-
doscalar meson leptonic decay constant, in the sense that
they are both obtained as the chiral-limit value of well-
defined gauge-invariant hadron-to-vacuum transition am-
plitudes that possess a spectral representation in terms of
the current-quark mass [8]; the same is true in the scalar
channel [9]; and in-hadron quark condensates can be rep-
resented through a given hadron’s scalar form factor at
zero momentum transfer [9].
3It is appropriate here to exemplify these notions via an
expression for the in-pseudoscalar-meson quark conden-
sate [20, 21]:
κζPf1f2
:= ρζPf1f2
fPf1f2 , (2)
where Pf1f2 denotes a pseudoscalar meson comprised of a
valence-quark f1 and -antiquark f2, and (k± = k± P/2)
ifPf1f2Kµ = 〈0|q¯f2γ5γµqf1 |P 〉
= Z2 trCD
∫ Λ
dk
iγ5γµSf1(k+)ΓPf1f2 (k;K)Sf2(k−) , (3)
iρζPf1f2
= −〈0|f¯2iγ5f1|P 〉
= Z4 trCD
∫ Λ
dk
γ5Sf1(k+)ΓPf1f2 (k;K)Sf2(k−) . (4)
Here
∫ Λ
dk
is a Poincare´-invariant regularization of the
integral, with Λ the ultraviolet regularization mass-
scale, Z2,4(ζ,Λ) are renormalization constants, with
ζ the renormalization point, ΓPf1f2 is the meson’s
Bethe-Salpeter amplitude, and Sf1,f2 are the component
dressed-quark propagators, with mf1,f2 the associated
current-quark masses. Equation (3) describes the pseu-
doscalar meson’s leptonic decay constant; i.e., the pseu-
dovector projection of the meson’s Bethe-Salpeter wave-
function onto the origin in configuration space; Eq. (4)
describes its pseudoscalar analogue; and mPf1f2 is the
meson’s mass.
It is an exact result in QCD, valid for arbitrarily small
or large current-quark masses and for both ground- and
excited-states [22], that
f2Pf1f2m
2
Pf1f2
= [mζf1 +m
ζ
f2
]κζPf1f2
= [mˆf1 + mˆf2 ] κˆPf1f2 ,
(5)
where the circumflex indicates a renormalization-group-
invariant quantity. Moreover [20]
lim
mˆ→0
κζPf1f2
= Z4 trCD
∫ Λ
dq
S0(q; ζ) = −〈q¯q〉0ζ ; (6)
namely, that the so-called vacuum quark condensate is,
in fact, the chiral-limit value of the in-meson conden-
sate; i.e., it describes a property of the chiral-limit pseu-
doscalar meson. This condensate is therefore no more a
property of the “vacuum” than the pseudoscalar meson’s
chiral-limit leptonic decay constant. Moreover, given
that Eq. (6) is an identity in QCD, any veracious cal-
culation of 〈q¯q〉0ζ is the computation of a gauge-invariant
property of the pion’s wave-function.
It is also valuable to highlight the precise form of
the Gell-Mann–Oakes–Renner (GMOR) relation; viz.,
Eq. (3.4) in Ref. [23]:
m2π = lim
P ′→P→0
〈π(P ′)|Hχsb|π(P )〉 , (7)
where mπ is the pion’s mass and Hχsb is that part of the
hadronic Hamiltonian density which explicitly breaks chi-
ral symmetry. It is crucial to observe that the operator
expectation value in Eq. (7) is evaluated between pion
states. Moreover, the virtual low-energy limit expressed
in Eq. (7) is purely formal. It does not describe an achiev-
able empirical situation, as we explain in connection with
Eq. (15) below.
In terms of QCD quantities, Eq. (7) entails
∀mud ∼ 0 , m2π± = mζud Sζπ(0) , (8)
Sζπ(0) = −〈π(P )| 12(u¯u+ d¯d)|π(P )〉 , (9)
where mζud = m
ζ
u + m
ζ
d, m
ζ
u,d are the current-quark
masses, and Sζ(0) is the pion’s scalar form factor at zero
momentum transfer, Q2 = 0. The right-hand-side (rhs)
of Eq. (8) is proportional to the pion σ-term (see, e.g.,
Ref. [24]). Consequently, using the connection between
the σ-term and the Feynman-Hellmann theorem, Eq. (7)
is actually the statement
∀mud ∼ 0 , m2π = mζud
∂
∂mζud
m2π. (10)
Now, using Eq. (5), one obtains
Sζπ(0) =
∂
∂mζud
m2π =
∂
∂mζud
[
mζud
ρζπ
fπ
]
. (11)
Equation (11) is valid for any values of mu,d, including
the neighborhood of the chiral limit, wherein
∂
∂mζud
[
mζud
ρζπ
fπ
]
mud=0
=
ρζ0π
f0π
. (12)
The superscript “0” indicates that the quantity is com-
puted in the chiral limit. With Eqs. (2), (6), (8), (11),
(12), one has shown that in the neighborhood of the chi-
ral limit
m2π± = −mζud
〈q¯q〉ζ0
(f0π)
2
+O(m2ud). (13)
This is a QCD derivation of the commonly recognized
form of the GMOR relation. Neither PCAC nor soft-pion
theorems were employed in analyzing the rhs of Eqs. (7),
(8).
This recapitulation of the analysis in Ref. [9] empha-
sizes anew that any connection between the pion mass
and a vacuum quark condensate is purely a theoretical
artifice. The true connection is that which one would
expect; viz., the pion’s mass is a property of the pion,
determined by the interactions between its constituents.
IV. CONSISTENCY WITH EMPIRICAL
INFORMATION
Notwithstanding the strength of the arguments in
Refs. [7–9], and those we have expressed above in addi-
tion, the conventional view of the chiral order parameter
is so well entrenched that they have been questioned [25].
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FIG. 1. Dressed-quark mass function, M(p): solid curves
– Dyson-Schwinger equation (DSE) results, [28–30], “data”
– lattice-QCD simulations [31]. (N.B. m = 70MeV is the
uppermost curve. Current-quark mass decreases from top
to bottom.) bulk of the light-quark constituent mass arises
from gluons through DCSB. The constituent mass arises from
a cloud of low-momentum gluons attaching themselves to
the current-quark: DCSB is a truly nonperturbative effect
that generates a running mass for quarks even when the
renormalization-point-invariant current-quark mass vanishes,
as evidenced by the m = 0 curve.
This presents us with a welcome opportunity to articu-
late additional features of our perspective, in addition to
dispelling the misapprehensions expressed therein.
Plainly, the notion of in-hadron condensates does not
contradict any empirical observation, for it may be em-
bedded in a broader context by considering just what
is observable in quantum field theory [26]: “. . . although
individual quantum field theories have of course a good
deal of content, quantum field theory itself has no con-
tent beyond analyticity, unitarity, cluster decomposition
and symmetry.” Our arguments exploit these facts. If
QCD is a confining theory, then the principle of cluster
decomposition is only realized for color singlet states [27]
and thus the only vacuum upon which gluon or quark
field operators can be defined to act is that within the
hadron they constitute.
It is manifestly mistaken to suggest [25] that contain-
ing condensates within hadrons entails that the lowest
excitations in the pseudoscalar and scalar channels are
degenerate. In QCD, as illustrated in Fig. 1, DCSB is
expressed in the dressed-quark mass-function through
the material enhancement of M(p) on the domain of in-
frared momenta, p . 5ΛQCD. In modern approaches
to the bound-state problem, such as DSE- and lattice-
QCD, bound-states are constituted using such propaga-
tors. Bound-states therefore express the features realized
in these propagators. It is possible to illustrate this us-
ing the simplest of confining models. With a symmetry-
preserving and confining regularization of a vector-vector
contact-interaction, the dressed-quark is described by a
dynamically generated mass, M , which is large in the
chiral limit. (For some early work showing dynamical
fermion mass generation via analysis of DSEs at suffi-
ciently strong coupling, see Refs. [32–36]. A general argu-
ment that confinement in a QCD-like theory implies the
generation of a dynamical quark mass was given in [37].
Early discussions of the relation between the dynamically
generated fermion mass and fπ include Refs. [38, 39].) At
lowest-order in a symmetry-preserving truncation of the
model’s DSEs [40], one finds algebraically that mπ = 0,
mσ = 2M [41]. Corrections to the leading order trunca-
tion do not change mπ but markedly increase mσ [42].
Degeneracy of the lowest excitations in the pseudoscalar
and scalar channels is only achieved when M = 0; i.e., if
chiral symmetry is not dynamically broken. The splitting
between vector and axial-vector mesons and parity part-
ners in the baryon spectrum are explained in the same
manner [43, 44].
The spectrum of QCD exhibits a large splitting be-
tween parity partners because of DCSB, which is mani-
fest in the Schwinger functions of the excitations confined
within hadrons. It should be recognized that the com-
putation of color-nonsinglet Schwinger functions in isola-
tion is an artifice. In the fully self-consistent treatment
of bound-states, the dressing phenomenon illustrated in
Fig. 1 takes place in the background field generated by
the other constituents. Its influence is concentrated in
the far infrared, p . ΛQCD, and its presence ensures the
manifestations of gluon- and quark-dressing are gauge in-
variant.
Apropos this discussion, we recapitulate here some
remarkable features of the pseudoscalar meson bound-
state problem. Since the dressed-quark propagator has
a spectral representation when considered as a func-
tion of current-quark mass [45], one can derive from
the axial-vector Ward-Takahashi identity a collection of
Goldberger-Treiman-like relations for the pion [20, 46,
47]. Of particular relevance herein is
Eπ(k; 0) =
1
f0π
B0(k
2) , (14)
where Eπ is that Lorentz-invariant function in the pion’s
Bethe-Salpeter amplitude which multiplies γ5, B0 is the
scalar part of the dressed-quark self-energy computed
with vanishing current-quark mass, and f0π is the pion’s
leptonic decay constant in that limit. Equation (14) can
be used to prove that a massless pseudoscalar meson ap-
pears in the chiral-limit spectrum if, and only if, chiral
symmetry is dynamically broken [20]. Moreover, it ex-
poses the fascinating consequence that the solution of
the two-body pseudoscalar bound-state problem is al-
most completely known once the one-body problem is
solved for the dressed-quark propagator, with the relative
momentum within the bound-state identified unambigu-
ously with the momentum of the dressed-quark. This
latter emphasizes that Goldstone’s theorem has a point-
wise expression in QCD, and that expression is contained
within hadrons because dressed-quarks are confined.
This brings us to another point that is worth elucidat-
5ing. In learning that the so-called vacuum quark conden-
sate is actually the chiral-limit value of an in-pion prop-
erty, some respond as follows. The electromagnetic ra-
dius of any hadron which couples to pseudoscalar mesons
must diverge in the chiral limit. This long-known ef-
fect arises because the propagation of massless on-shell
color-singlet pseudoscalar mesons is undamped [48–51].
Therefore, does not each pion grow to fill the universe;
so that, in this limit, the in-pion condensate reproduces
the conventional paradigm?
Confinement, again enables one to refute this objec-
tion. As noted above, general arguments, as well as DSE-
and lattice-QCD studies, indicate that confinement en-
tails dynamical mass generation for quarks. In a vec-
torial gauge theory such as QCD, a quark mass term
in the action is automatically gauge invariant. Argu-
ments have also been given that confinement entails an
effective mass for gluons (effective in the sense that it
is not associated with a term in the action that violates
color gauge invariance). These observations have often
been explained, most recently in Sec. III of Ref. [52]. The
zero-momentum value of the momentum-dependent dy-
namical quark masses M(0) and effective gluon mass
mg(0) remain large in the limit of vanishing current-
quark mass. In fact, these values are almost independent
of the current-quark mass in the neighborhood of the chi-
ral limit. (This is apparent in Fig. 1.) As a consequence,
one can argue that the quark-gluon containment-radius
of all hadrons is finite in the chiral limit. Indeed it is
almost insensitive to the magnitude of the current-quark
mass because the dynamical masses of the hadron’s con-
stituents are frozen at large values; viz.,
M(0) . mg(0) =: mc ∼ 2ΛQCD − 3ΛQCD . (15)
These considerations suggest that the divergence of the
electromagnetic radius does not correspond to expansion
of a condensate from within the pion but rather to the
copious production and subsequent propagation of com-
posite pions, each of which contains a condensate whose
value is essentially unchanged from its nonzero current-
quark mass value within a containment-domain whose
size is similarly unaffected. That domain is specified by
a radius rc ∼ 1/mc.
There is more to be said in connection with the def-
inition and consequences of a chiral limit. Nambu-
Goldstone bosons are weakly interacting in the infrared
limit. However, at nonzero energies, their interactions
are, in general, strong, and they always couple strongly,
e.g., to the nucleon. Plainly, the existence of strongly-
interacting massless composites would have an enormous
impact on the evolution of the universe; and it is naive
to imagine that one can simply set mˆu,d = 0 and con-
sider a circumscribed range of manageable consequences
whilst ignoring the wider implications for hadrons, the
Standard Model and beyond. For example, with all else
held constant, Big Bang Nucleosynthesis is very sensitive
to the value of the pion-mass [53, 54]. We are fortunate
that the absence of quarks with zero current-quark mass
has produced a universe in which we exist so that we may
carefully ponder the alternative.
As we mentioned in the Introduction, a universality
of condensates was assumed in order to slow growth
in the number of undetermined parameters that ap-
pear in the sum rules scheme. As grasped in Ref. [25],
with the appreciation that condensates are contained
within hadrons, the assumption of universality is seen
to be quantitatively false [9]. This is similar, in fact, to
the assumption of vacuum saturation for the four-quark
condensate, which underestimates the correct result by
∼ 65% [55]. It is nonetheless interesting that the mag-
nitude of the in-hadron quark condensate is only weakly
sensitive to the host state [9, 56]. This, too, is tied to the
preeminent role played by the dressed-gluon and -quark
propagators in producing bound-states and their masses.
On the other hand, the suggestion [25] that the con-
tainment of condensates with hadrons precludes chiral
symmetry restoration at nonzero baryon density is spuri-
ous. As reviewed in Ref. [57], a nonzero chemical poten-
tial, µ, has a dramatic impact on the dressed-quark prop-
agator once µ arrives at the vicinity of a critical value. At
zero temperature that value is µcr ≈ 0.3GeV [58]. This is
also true of nonzero temperature; and as the realization
of DCSB in the dressed-quark propagator is suppressed
and finally eliminated by growth of these intensive ther-
modynamic parameters, so do parity partners become
degenerate. A concrete example in a confining model is
detailed in Ref. [59]. We note in addition that merely to
conjecture [60] a phase of matter that exhibits confine-
ment but simultaneously manifests chiral symmetry does
not establish its existence; and, in fact, available confin-
ing models for QCD’s gap equation do not support this
speculation [58].
V. ANALYSIS WITHIN A MODEL
Owing to the importance of DCSB, a complete under-
standing of hadron structure is only possible if the prop-
erties of meson and baryon ground- and excited-states
can be correlated within a single symmetry-preserving
framework, where symmetry-preserving means that all
relevant Ward-Takahashi identities are satisfied and
Poincare´ covariance is respected. In addition, the frame-
work must treat mesons and baryons on an equal foot-
ing, and be applicable to all mesons and baryons. These
conditions are satisfied, in principle, by the light-front
approach to hadron structure and interactions [61]; pre-
sumably by lattice-QCD, once the various necessary lim-
its are carefully taken; and plainly by the more intuitive,
less computationally intensive DSE approach .
The DSE framework expresses the results of perturba-
tive QCD and provides a unified treatment of, amongst
other things: meson and baryon spectra [43, 62]; hadron
electromagnetic elastic and transition form factors [63–
65]; meson-meson scattering [66–68]; and the distribu-
tion functions that arise in analyses of deep inelastic
6scattering [69–72]. The expression and realization of
in-hadron condensates has most widely been elucidated
within this framework precisely because it is applica-
ble to all hadrons and treats all hadrons equally; viz.,
as Poincare´-covariant bound-states of confined, dressed-
partons. N.B. In the DSE- and lattice-QCD computation
of the properties of an isolated hadron, all QCD’s dy-
namical content is expressed within that hadron, owing
to confinement.
Historically; i.e., before the nature of DCSB and its
intimate connection with gluon and quark dressing was
fully understood, it was popular to employ simple mod-
els that cannot treat all hadrons equally. This is the
case with the mean-field soliton model used in Ref. [25].
Amongst its weaknesses, the model is not Poincare´ co-
variant and hence not symmetry preserving; it is not
confining, the understanding of which is critical to the
realization of in-hadron condensates; it does not treat
mesons and baryons on an equal footing, with, e.g., pseu-
doscalar and scalar mesons being pointlike but the nu-
cleon having nonzero extent; it is not applicable to all
mesons and baryons, e.g., requiring material amendment
if a description of vector- and higher-mass-mesons is to
be attempted; and it produces valence-quark distribu-
tion functions in marked disagreement with QCD [70].
In addition to these factors, the analysis in Ref. [25] is
flawed. As we now explain, their extraction of a quark
condensate associated with the soliton solution is neither
model-consistent nor correct.
Consider the two-flavor model defined via the following
generating functional
Z[J ] =
∫
Dψ¯Dψ exp
{
i
∫
d4x ψ¯(i 6∂−m0− J)ψ+ iAint
}
,
(16)
where ψ is a fermion field, J(x) is a scalar-isoscalar
source function that monitors the local composite op-
erator ψ¯(x)ψ(x), and Aint is a standard U(2) × U(2)-
symmetric pseudoscalar and scalar 4-fermion contact in-
teraction. In this model it is formally true that
〈ψ¯ψ〉 = iδ
δJ(x)
lnZ[J ] |J=0 . (17)
However, this expression is meaningless unless a regular-
ization and renormalization scheme is specified. Extreme
care must in particular be employed when the current-
mass is nonzero [45]. In order to track contributions to
〈ψ¯ψ〉 that are associated with the final hadronic appli-
cation of the model we note that, through all manipu-
lations, the extension i 6∂x → i 6∂x − J(x) will identify all
contributions to the required derivative.
In order to proceed, it is customary [73] to eliminate
the four-fermion interaction in favor of pseudoscalar and
scalar auxiliary fields that are linearly coupled to the
fermions, a procedure that in the present case leads to
AB[S, P ] = −iTrΛ¯ ln [i 6∂ − (S + iγ5P )]
− 1
4G
∫
d4x trF[(S −m0)2 + P 2] , (18)
where the flavor-singlet component of the field S is de-
fined to absorb the current-quark mass, m0. The sub-
script Λ¯ indicates that a regularization scheme has been
introduced, characterized by a mass-scale Λ¯ ∼ 0.6GeV,
which is a parameter in this non-renormalizable model:
the details are not important here. Under U(2) × U(2)
transformations, Sa transforms as ψ¯τaψ and P a as
ψ¯τaγ5ψ, where τ
0 = 12×2 and {~τ} are the Pauli ma-
trices.
At this point a stationary phase approximation is ex-
plored in connection with Z[J ] and the extremum of AB
is argued to produce the model’s vacuum configuration.
(This is equivalent to the mean-field approximation in
Ref. [19].) It is expressed through the rainbow-ladder
truncation of the model’s gap equation, and produces
P0 = 0 and S0 = m, the dressed-fermion mass. The prop-
erties and interactions of meson-like fluctuations about
the extremum are described by
A˜B[S˜, P˜ ] = AB[S, P ]−AB[S0, 0] , (19)
where S˜ = S − S0, P˜ = P − P0. At second-order of
an expansion in terms of field derivatives, A˜B reproduces
a linear σ-model with an effective potential in the form
of the so-called Mexican hat. (The precise expression
and meaning of the Mexican hat potential in QCD are
explained in Ref. [74].) The model displays DCSB but not
confinement, and the auxiliary fields represent pointlike
mesons described by the rainbow-ladder Bethe-Salpeter
equation. (Confinement may be implemented [75, 76] via
modifications that express the quark dressing illustrated
in Fig. 1.)
We note that Eq. (19) actually contains a fermion de-
terminant. It is therefore nonlocal, possessing meson-
field derivatives of arbitrarily high order; i.e., infinitely
many meson self-couplings in excess of the quadratic,
cubic and quartic terms that are the only ones usu-
ally retained. Moreover, the linear sigma model, and
its generalization here, produce a spacetime-independent
extremum for the scalar field, S0 = m, and through
this device describe DCSB and meson-fermion physics.
This spacetime-independent field is also the mass of the
model’s dressed-fermion. It is a constant, in striking con-
trast to the dressed-quark mass-function in QCD, Fig. 1.
Thus, from the outset the model exhibits a marked and
empirically verifiable departure from QCD; and hence
the associated unbounded three-space support for the
energy-density associated with the extremum should not
be misconstrued as a feature of QCD.
The fermion condensate associated with the model’s
mean-field ground-state is
〈ψ¯ψ〉sp = iδ
δJ(x)
TrΛ¯ln[i 6∂ −m− J ]
∣∣∣
J=0
, (20)
and this yields the following expression in terms of the
Euclidean-space fermion propagator
〈ψ¯ψ〉sp = −trCD
∫ Λ¯
d4q
(2pi)4
G(q) . (21)
7Here the regularization matters. As implemented in
Ref. [25], it is simply a proper-time scheme, which is a
typical procedure within the model’s milieu. However, it
yields a result that has no connection with the three com-
mon, valid expressions of the quark condensate in QCD,
all of which are precisely equivalent to the chiral-limit
value of the in-pseudoscalar-meson condensate, Eq. (2)
[8, 9, 45]. Indeed, first pointed out in Refs. [32, 33], the
quantity commonly called the vacuum quark condensate
may be read from the coefficient of the 1/q4 term in the
operator product expansion of the chiral-limit dressed-
quark propagator. Even within the soliton model, the
left-hand-side of Eq. (21) has no connection with that
quantity. Equation (21) is therefore a model-specific def-
inition that violates known relations in QCD. On the
other hand, Eq. (6) is precise in QCD.
There has hitherto been no explicit mention of a
baryon. At this point Ref. [25] proceeds by developing
a mean-field approximation to the expectation value of
a three fermion propagator based on the action just de-
scribed. The general procedure was explained in Ref. [77].
The result is a non-topological soliton model described by
the action
Γsol[S˜, P˜ ] = Aval[S˜, P˜ ] + A˜B[S˜, P˜ ] ; (22)
where the precise form of the valence quark piece, Aval,
is not relevant here. The mean field equations of motion
are
δΓsol
δS˜, P˜
= 0 . (23)
The mean-field method seeks a time-independent solu-
tion with time-independent fields:
Γsol = (−
∫
dt)
∫
d3x [Esol(~x) = Eval(~x) + EB(~x)] , (24)
with derived energy densities Eval(~x), EB(~x) being of fi-
nite three-space extent. This is satisfied by composite
three-valence-fermion states bound with respect to their
constituents’ masses; viz., m3ψ < 3m. Such states act
as a finite-size source that induces non-zero values for
S˜(~x) = S − S0 and P˜ (~x) = P − P0 over a commensu-
rate three-space volume. N.B. In order to achieve the
physical result that the soliton energy-density produced
by the fields S˜, P˜ does not exist outside of the soliton, it
is critical to subtract the extremum-value of the action
when defining A˜B[S˜, P˜ ].
Through the simple expedient of the replacement
i 6∂ → i 6∂ − J , the expression for 〈ψ¯ψ〉 in Eq. (17) may
be traced through the mean-field development to find
〈ψ¯ψ〉sol = − δΓsol
δJ(x)
∣∣∣
J=0
. (25)
Since the three-space density of the model’s action van-
ishes outside the soliton, it is impossible for an internally
consistent calculation of 〈ψ¯ψ〉sol to produce a result that
has support in a three-space volume that is significantly
larger than that of the action/energy density.
Since Aval is built on the fermion kinetic term and A˜B
contains a subtracted logarithm of the fermion determi-
nant, both terms in Γsol will contribute to 〈ψ¯ψ〉sol. How-
ever, outside the soliton, which is most relevant herein,
there is only A˜B, so let’s focus on its contribution to
Eq. (17). In the large-distance limit the internally con-
sistent model result is
lim
|~x|→∞
iδ
δJ(x)
Tr
Λ¯
{
ln[i 6∂−S−iγ5P−J ]−ln[i 6∂−m−J ]
}
= 0 .
(26)
Before an extremum was defined and subtracted, δ/δS(x)
could be substituted for δ/δJ(x) in treating Eq. (17) so
long as one only applied δ/δS(x) to the first term on the
right-hand-side of Eq. (18). However, this shift is invalid
if one first expresses the extremum at S0 = m and treats
the subtraction term as a constant that does not respond
to variations in the source associated with 〈ψ¯ψ〉. That
procedure leads to the following erroneous result
lim
|~x|→∞
iδ
δS(x)
Tr
Λ¯
{
ln[i 6∂−S−iγ5P ]−ln[i 6∂−m]
}
= 〈ψ¯ψ〉sp ;
(27)
and this is the mathematical mistake made in Ref. [25].
With use of the consistent procedure involving δ/δJ(x)
throughout, one obtains a condensate with bounded sup-
port, localized within a finite volume of three-space,
whose profile tracks that of the soliton’s energy/action
density. Following this procedure, the curves attributed
to the soliton’s fermion condensate in Figs. 1,2 of Ref. [25]
are shifted upwards by an amount that produces zero
outside the soliton.
VI. VIEW FROM THE LIGHT-FRONT
The subtraction identified here via the calculus of
functional integrals may also be seen to arise naturally
through normal-ordering in the equivalent procedure of
second quantization. For the energy of the soliton state
one would deal with 〈S| :HS : |S〉, where HS is the model
Hamiltonian and S denotes the soliton state. The impor-
tance of normal-ordering in discussing the connection be-
tween physical and vacuum matrix elements, especially
for condensates, is emphasized in Ref. [7]
We note that, in general, normal-ordering in the equal-
time second-quantized formulation of a quantum field
theory which exhibits essentially nonperturbative phe-
nomena is an ill-defined operation because, e.g., the ex-
ponentiation involved in writing the Heisenberg field op-
erator induces all orders of bare parton creation and an-
nihilation processes, and no finite sum can recover a non-
perturbative effect. As indicated in the Introduction, a
mean-field approximation to a non-confining theory can
be used to define a nonperturbative but truly approx-
imate set of states that provides a diagonal basis and
associated single quasiparticle creation and annihilation
8operators. However, this is impossible for the confined
gluons and quarks of QCD.
Of course, the question of normal-ordering is elimi-
nated if one employs the light-front formulation of quan-
tum field theory. In that case the vacuum is defined as
the lowest-mass eigenstate of the associated light-front
Hamiltonian by quantizing at fixed τ = t − z; and this
vacuum is remarkably simple because the kinematic re-
striction to k+ > 0 ensures that the ground-state of
the interacting Hamiltonian is the same as that of the
free Hamiltonian. There are other advantages, too. The
front-form vacuum and its eigenstates are Lorentz invari-
ant, whereas the instant form vacuum depends on the
observer’s Lorentz frame. And the instant form vacuum
is a state defined at the same time, t, at all spatial points
in the universe, whereas the front-form vacuum senses
only those phenomena which are causally connected; i.e.,
within an observer’s light-cone.
This last point ensures that the front-form is well-
suited to computation of the cosmological constant be-
cause the constant is a property of the universe mea-
sured within the causal horizon; i.e., it is expressed in
the matrix element of the energy-momentum tensor in
the background universe, which is completely determined
by events that occur within a causally connected domain.
It is practically impossible, on the other hand, to obtain
a reliable result using instant-form dynamics since the
truncations necessary in order to obtain a result will gen-
erally violate Lorentz invariance. Hence one should not
be surprised when expectations based on assumed prop-
erties of the vacuum associated with a truncated instant-
form Hamiltonian are misleading.
With the shift to a paradigm in which DCSB is ex-
pressed as an in-hadron property, one can readily visu-
alize a mechanism that might produce DCSB within the
light-front formulation of QCD. As illustrated in Fig. 2,
the light-front-instantaneous quark propagator can me-
diate a contribution from higher Fock state components
to the matrix elements
fπP
− = 2
√
N c Z2
∫ 1
0
dx
∫
d2k⊥
16pi3
ψ(x, k⊥)
k2⊥+m
2
ζ
P+ x(1− x)
+instantaneous , (28)
ρπ =
√
Nc Z2
∫ 1
0
dx
∫
d2k⊥
16pi3
ψ(x, k⊥)
mζ
x(1 − x)
+instantaneous , (29)
where P = (P+, P− = m2π/P
+,~0⊥) and both currents
receive contributions from the “instantaneous” part of
the quark propagator (∼ γ+/k+) and the associated
gluon emission, which are not written explicitly. In
Eqs. (28), (29), ψ(x, k⊥) is the valence-only Fock state
of the pion’s light-front wave-function. Diagrams such
as those in Fig. 2 connect dynamically-generated chiral-
symmetry breaking components of the meson’s light-
front wave-function to the matrix elements in Eqs. (28),
(29). There are infinitely many contributions of this type
and they do not depend sensitively on the current-quark
d
γ5
pi–
u
u– u–
u–
+
+
–
–
–
–
–
d
γ5
δm
pi–
u–
(a)
(b)
FIG. 2. Light-front contributions to ρpi = −〈0|q¯γ5q|pi〉, fpiρpi
is the in-pion condensate. Upper panel – A non-valence piece
of the meson’s light-front wave-function, whose contribution
to ρpi is mediated by the light-front instantaneous quark prop-
agator (vertical crossed-line). The “±” denote parton helic-
ity. Lower panel – There are infinitely many such diagrams,
which can introduce chiral symmetry breaking in the light-
front wave-function in the absence of a current-quark mass.
(The case of fpi , which is also an order parameter for DCSB,
is analogous.)
mass in the neighborhood of the chiral limit. This mech-
anism is kindred to that discussed in Ref. [4].
VII. EPILOGUE
We have emphasized that absolute confinement of glu-
ons and quarks is a prerequisite for the containment of
condensates within hadrons. Hence, no model without
confinement, even if treated correctly, can undermine the
foundations of the paradigm that we, and others, are de-
veloping for QCD. The implications of our point are sig-
nificant and wide-ranging. For example, in connection
with the cosmological constant, putting QCD conden-
sates back into hadrons reduces the mismatch between
experiment and theory by a factor of 1046. Furthermore,
if technicolor-like theories are the correct scheme for ex-
plaining electroweak symmetry breaking, then the impact
of the notion of in-hadron condensates is far greater still
[7].
ACKNOWLEDGMENTS
CDR and PCT acknowledge invaluable collaborations
with M. Bhagwat, L. Chang, I. C. Cloe¨t, A. Krassnigg,
Y.-x. Liu, P. Maris, M.A. Pichowsky, S.M. Schmidt
and L. von Smekal, without which significant portions
of the progress reported and recapitulated herein would
not have been possible. This work was supported in
part by: U. S. Department of Energy contract no. DE-
AC02-76SF00515; U. S. Department of Energy, Office
9of Nuclear Physics, contract no. DE-AC02-06CH11357; and the U. S. National Science Foundation, under grants
NSF-PHY-09-69739 and NSF-PHY-0903991.
[1] G. P. Lepage and S. J. Brodsky, Phys. Rev. D22, 2157
(1980).
[2] S. J. Brodsky, H.-C. Pauli and S. S. Pinsky, Phys.Rept.
301, 299 (1998).
[3] S. J. Brodsky and G. F. de Teramond, (arXiv:0802.0514
hep-ph).
[4] A. Casher and L. Susskind, Phys. Rev. D9, 436 (1974).
[5] M. Burkardt, Phys. Rev. D58, 096015 (1998).
[6] S. J. Brodsky and R. Shrock, Phys. Lett. B666, 95
(2008).
[7] S. J. Brodsky and R. Shrock, Proc. Nat. Acad. Sci.
108, 45 (2011), [See also S. J. Brodsky and R. Shrock,
arXiv:0803.2541, arXiv:0803.2554].
[8] S. J. Brodsky, C. D. Roberts, R. Shrock and P. C. Tandy,
Phys. Rev. C82, 022201(R) (2010).
[9] L. Chang, C. D. Roberts and P. C. Tandy, Phys. Rev.
C85, 012201(R) (2012).
[10] S. D. Glazek, Acta Phys. Polon. B42, 1933 (2011).
[11] M. A. Shifman, A. Vainshtein and V. I. Zakharov,
Nucl.Phys. B147, 385 (1979).
[12] D. B. Leinweber, Annals Phys. 254, 328 (1997).
[13] A. A. Michelson and E. W. Morley, American Journal of
Science 34, 333 (1887).
[14] C. J. Morningstar and M. J. Peardon, Phys.Rev. D60,
034509 (1999).
[15] V. Crede and C. Meyer, Prog.Part.Nucl.Phys. 63, 74
(2009).
[16] K. G. Wilson, Phys. Rev. D10, 2445 (1974).
[17] M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951).
[18] Y. Nambu, AIP Conf.Proc. 1388, 86 (2011).
[19] J. R. Finger and J. E. Mandula, Nucl.Phys. B199, 168
(1982).
[20] P. Maris, C. D. Roberts and P. C. Tandy, Phys. Lett.
B420, 267 (1998).
[21] P. Maris and C. D. Roberts, Phys. Rev. C56, 3369
(1997).
[22] A. Ho¨ll, A. Krassnigg and C. D. Roberts, Phys. Rev.
C70, 042203 (2004).
[23] M. Gell-Mann, R. J. Oakes and B. Renner, Phys. Rev.
175, 2195 (1968).
[24] V. V. Flambaum, A. Ho¨ll, P. Jaikumar, C. D. Roberts
and S. V. Wright, Few Body Syst. 38, 31 (2006).
[25] H. Reinhardt and H. Weigel, (arXiv:1201.3262 [hep-ph]).
[26] S. Weinberg, Physica A96, 327 (1979).
[27] C. D. Roberts, A. G. Williams and G. Krein, Int. J. Mod.
Phys. A7, 5607 (1992).
[28] M. Bhagwat, M. Pichowsky, C. Roberts and P. Tandy,
Phys.Rev. C68, 015203 (2003).
[29] M. S. Bhagwat and P. C. Tandy, AIP Conf. Proc. 842,
225 (2006).
[30] M. S. Bhagwat, I. C. Cloe¨t and C. D. Roberts,
(arXiv:0710.2059 [nucl-th]), in Proceedings of the Work-
shop on Exclusive Reactions at High Momentum Trans-
fer, Newport News, Virginia, 21-24 May 2007, Eds.
A. Radyushkin and P. Stoler (World Scientific, Singa-
pore, 2007).
[31] P. O. Bowman et al., Phys. Rev. D71, 054507 (2005).
[32] K. D. Lane, Phys. Rev. D10, 2605 (1974).
[33] H. D. Politzer, Nucl. Phys. B117, 397 (1976).
[34] B. Holdom, Phys. Lett. B150, 301 (1985).
[35] K. Yamawaki, M. Bando and K.-i. Matumoto, Phys. Rev.
Lett. 56, 1335 (1986).
[36] T. W. Appelquist, D. Karabali and L. Wijewardhana,
Phys. Rev. Lett. 57, 957 (1986).
[37] A. Casher, Phys. Lett. B83, 395 (1979).
[38] R. Jackiw and K. Johnson, Phys. Rev. D8, 2386 (1973).
[39] H. Pagels and S. Stokar, Phys. Rev. D20, 2947 (1979).
[40] A. Bender, C. D. Roberts and L. von Smekal, Phys. Lett.
B380, 7 (1996).
[41] H. L. L. Roberts, A. Bashir, L. X. Gutie´rrez-Guerrero,
C. D. Roberts and D. J. Wilson, Phys. Rev. C83, 065206
(2011).
[42] L. Chang and C. D. Roberts, Phys. Rev. Lett. 103,
081601 (2009).
[43] L. Chang and C. D. Roberts, (arXiv:1104.4821 [nucl-th]),
Tracing masses of ground-state light-quark mesons.
[44] H. L. L. Roberts, L. Chang, I. C. Cloe¨t and C. D.
Roberts, Few Body Syst. 51, 1 (2011).
[45] K. Langfeld et al., Phys. Rev. C67, 065206 (2003).
[46] M. Goldberger and S. Treiman, Phys. Rev. 111, 354
(1958).
[47] M. S. Bhagwat, L. Chang, Y.-X. Liu, C. D. Roberts and
P. C. Tandy, Phys. Rev. C76, 045203 (2007).
[48] M. A. B. Beg and A. Zepeda, Phys. Rev. D6, 2912
(1972).
[49] V. N. Pervushin and M. K. Volkov, Sov. J. Nucl. Phys.
20, 408 (1975), [Yad.Fiz.20:762-774,1974].
[50] J. Gasser and H. Leutwyler, Annals Phys. 158, 142
(1984).
[51] R. Alkofer, A. Bender and C. D. Roberts, Int. J. Mod.
Phys. A10, 3319 (1995).
[52] A. Bashir et al., Commun. Theor. Phys., to appear
(2012), [arXiv:1201.3366 nucl-th].
[53] V. V. Flambaum and R. B. Wiringa, Phys. Rev. C76,
054002 (2007).
[54] P. F. Bedaque, T. Luu and L. Platter, Phys. Rev. C83,
045803 (2011).
[55] T. Nguyen, N. A. Souchlas and P. C. Tandy, AIP Conf.
Proc. 1261, 13 (2010).
[56] C. D. Roberts, Few Body Syst., to appear (2012),
[arXiv:1109.6325 nucl-th].
[57] C. D. Roberts and S. M. Schmidt, Prog. Part. Nucl.
Phys. 45, S1 (2000).
[58] S.-x. Qin, L. Chang, H. Chen, Y.-x. Liu and C. D.
Roberts, Phys. Rev. Lett. 106, 172301 (2011).
[59] P. Maris, C. D. Roberts, S. M. Schmidt and P. C. Tandy,
Phys. Rev. C63, 025202 (2001).
[60] L. McLerran and R. D. Pisarski, Nucl. Phys. A796, 83
(2007).
[61] S. J. Brodsky, Few Body Syst. 36, 35 (2005).
[62] G. Eichmann, I. C. Cloe¨t, R. Alkofer, A. Krassnigg and
C. D. Roberts, Phys. Rev. C79, 012202 (2009).
[63] P. Maris and P. C. Tandy, Phys. Rev. C62, 055204
(2000).
10
[64] H. L. L. Roberts et al., Phys. Rev. C82, 065202 (2010).
[65] G. Eichmann, (arXiv:1112.4888 [hep-ph]).
[66] P. Bicudo, (nucl-th/0110052).
[67] P. Bicudo et al., Phys. Rev. D65, 076008 (2002).
[68] S. R. Cotanch and P. Maris, Phys. Rev. D66, 116010
(2002).
[69] M. B. Hecht, C. D. Roberts and S. M. Schmidt, Phys.
Rev. C63, 025213 (2001).
[70] R. J. Holt and C. D. Roberts, Rev. Mod. Phys. 82, 2991
(2010).
[71] M. Aicher, A. Scha¨fer and W. Vogelsang, Phys. Rev.
Lett. 105, 252003 (2010).
[72] T. Nguyen, A. Bashir, C. D. Roberts and P. C. Tandy,
Phys. Rev. C83, 062201(R) (2011).
[73] R. T. Cahill and C. D. Roberts, Phys. Rev. D32, 2419
(1985).
[74] L. Chang et al., Phys. Rev. C81, 032201(R) (2010).
[75] M. R. Frank, P. C. Tandy and G. I. Fai, Phys. Rev. C43,
2808 (1991).
[76] M. R. Frank and P. C. Tandy, Phys. Rev. C46, 338
(1992).
[77] A. G. Williams and R. T. Cahill, Phys. Rev. D30, 391
(1984).
